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ŽIn this paper we solve a previously formulated conjecture B. Torrecillas, F. Van
Ž . .Oystaeyen, and Y. H. Zhang, J. Algebra 177 1995 , 568 . That is, for a cocommuta-
Ž . Ž . Ž .tive irreducible coalgebra C, the homomorphism  *: Br C  Br C* is injec-
tive. The proof uses MoritaTakeuchi theory and the linear topology of all closed
Ž .cofinite left ideals in C*. As an inmediate consequence, Br C is a torsion group.
Ž .Some cases where the map  * is an isomorphism are studied. It is also deduded
from the main result that the inclusion of the coradical C into C induces a0
Ž . Ž .monomorphism i: Br C  Br C . New examples of Brauer groups of cocom-0
mutative coalgebras may be given using this fact.  2001 Academic Press
1. INTRODUCTION
Unlike the case of algebras, very few invariants have been introduced
for coalgebras. Recently coalgebra versions of Brauer groups, Picard
 groups, and certain related groups have been introduced in 6, 22, 23 . In
particular the Brauer group looked like an interesting invariant; it has
Ž  .been established cf. 22 that for a cocommutative coalgebra the Brauer
group is an abelian group that need not be a torsion group. However, the
failure of the torsion property seems to be entirely due to the fact that the
Brauer group can be reduced to a product of Brauer groups of irreducible
coalgebras. Now if each of the latter were torsion groups then it would be
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completely clear how nontorsion elements appear in the Brauer group and
how we can control them. The obvious question is therefore to describe
Ž .the relations between the Brauer group Br C of a cocommutative coalge-
Ž .bra C and Br C* where C* is the dual algebra of C. It has been
  Ž . Ž . Ž .conjectured in 22 that the map  *: Br C  Br C* obtained from the
dualization procedure is in fact an injective group morphism in the case C
Ž . Ž .where is irreducible. Then Br C would be torsion since Br C* is so.
Ž .In this paper, we prove this conjecture Corollary 4.1 as a direct
consequence of a relation between Morita equivalence over C* and
Ž .MoritaTakeuchi equivalence over C Theorem 3.10 . The idea of the
proof is based on a localization theoretic argument in terms of the left
linear topology of all cofinite closed left ideals. Combining the injectivity
Ž .of  * and the lifting of the idempotents property for dual algebras of
Ž . Ž .coalgebras, we were able to relate Br C and Br C , where C is the0 0
coradical of C; in fact, the inclusion i: C  C induces a group monomor-0
Ž . Ž .phism i: Br C  Br C . We find some interesting sufficient conditions0
Ž . Ž . Ž .for Br C  Br C Corollary 4.6 . This allows effective calculations, in0
Ž . Ž .particular for finding cases where Br C  Br k , e.g., Examples 4.10. We
Ž . Ž .may also elaborate further on the isomorphism problem Br C  Br C*
Žunder some condition on the coradical filtration of C cf. Lemma 4.12 and
.its corollary .
At the end of the paper we study some natural subgroups of the Brauer
group, the Schur and projective Schur subgroups. These have the addi-
tional good property that they are torsion groups for any cocommutative
coalgebra C when the ground field is of characteristic zero.
2. PRELIMINARIES
Throughout k is a fixed ground field. Unless otherwise stated, all vector
spaces and unadorned  are over k.
Ž  .Coalgebra and Comodules see 1, 20
For a coalgebra C,  and  denote the comultiplication and theC C
Ž .counit, respectively. The category of right resp. left C-comodules is
C Ž C .denoted by M resp. M . We use the usual sigma notation for coalgebras
and comodules. A comodule X M C is said to be
 a cogenerator if CW X for some vector space W ;
 finitely cogenerated if X V C for some finite-dimensional vec-
tor space V;
 free if there is a vector space W such that XW C.
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For X in M C,  is the comodule structure map. For X, Y M C,X
Ž .Com X, Y is the space of right C-comodule maps from X to Y. If D isC
Ž . Canother coalgebra, then X is a D, C -bicomodule if X M via  ,X
D Ž . Ž .X M via , and 1  	  1  .X X X X X
Torsion Theories and Comodules
 We recall from 19 the notion of linear topology, pretorsion class, and
its relations. Let R be a ring and let M be the category of leftR
R-modules. A left linear topology on R is a family T consisting of left ideals
of R verifying the following axioms:
T1. If I T and J is any left ideal of R such that I
 J, then
J T.
T2. If I and J belong to T, then I J T.
Ž .T3. For any I T and r R, the ideal I : r  T.
A left linear topology T on R is said to be symmetric if for every J T
there is a two-sided ideal I of R such that I
 J and I T. A class C of
M is called a hereditary pretorsion class if C is closed under subobjects,R
 quotient objects, and coproducts. It is shown in 19, Proposition 4.2 that
there is a bijective correspondence between left linear topologies on R and
hereditary pretorsion classes. For a left linear topology T on R, the
 Ž .associated hereditary pretorsion class is C	 M M : Ann m  T mR
4M . Given a hereditary pretorsion class of M , the family consisting ofR
left ideals I of R such that RIC is a left linear topology on R.
Let D be a coalgebra and let M D be the category of right comodules.
Consider D* the dual algebra of D and M the category of left D*-mod-D*
ules. It is well known that M D is isomorphic to the full subcategory of
rational left D*-modules. Let M M and let mM; we say that m isD*
 4na rational element if there is a linear independent family m M andi i	1
 4nd D such thati i	1
n
² :d*  m	 d*, d m d*D*.Ý i i
i	1
Ž .The set of rational elements of M, Rat M , is a D*-submodule of M.
Ž .M M is said to be rational if M	 Rat M . The subcategory ofD*
rational left D*-modules is a hereditary pretorsion class. The linear
topology associated to this class is the family of all closed cofinite left
Ž  .ideals of D* cf. 12, p. 370 . We say that a left ideal I of D* is cofinite if
D*I is a finite-dimensional vector space. I is closed if there is a subspace
W of D such that I	W  . When I is a closed cofinite ideal the subspace
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W has to be finite-dimensional because D*W W *. Let F be the left
linear topology of all cofinite closed ideals of D*; then
M D  M M : Ann m  F mM . 4Ž .D* D*
Ž  .Morita Theory for Coalgebras see 11, 21
Let M be a right C-comodule and let N be a left C-comodule with
structure maps  and  , respectively. The cotensor product M N isM N C
the kernel of the map
  1 1  : MNM CN.M N
The functors M  and  N are left exact and preserve directC C
Ž .sums. If M and N are bicomodules, then M N is a C, E -bicom-C D D E C
odule with comodule structure induced by those of M and N.
C Ž .A comodule X M is called quasi-finite if Com Y, X is finite-C
dimensional for any finite-dimensional comodule Y M C. For a quasi-
finite comodule X M C and any Y M C, the co-hom functor is defined
by
lim
h X , Y 	 Com Y , X *,Ž . Ž .C C 

 4where Y is a directed system of finite-dimensional subcomodules of Y
Ž .such that Y	 lim Y . When Y	 X then h X, X is denoted by  C
Ž .e X and it becomes a coalgebra, called the co-endomorphism coalge-C
bra.
The following result, due to Takeuchi, characterizes the equivalences
 between two categories of comodules, 21, Proposition 2.5, Theorem 3.5 :
THEOREM 2.1. Let C, D be coalgebras.
Ž . C Da If F: M  M is a left exact linear functor that preseres direct
Ž . Ž .sums, then there exists a C, D -bicomodule M such that F   M.C
Ž . Ž .b Let M be a C, D -bicomodule. The following assertions are equia-
lent:
Ž . C Di The functor  M: M  M is an equialence.C
Ž .ii M is a quasi-finite injectie cogenerator as a right D-comodule
Ž .and e M  C as coalgebras.D
When the conditions hold, the inerse equialence is gien by  N:D
D C Ž . Ž .M  M , where N denotes the D, C -bicomodule h M, D . In this caseD
C and D are called MoritaTakeuchi equialent coalgebras.
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There is another Morita theory for coalgebras, due to Lin, which relates
the equivalences between the categories of comodules and the equiva-
lences between the categories of modules of the dual algebras. A right
C-comodule M is said to be an ingenerator if it is a finitely cogenerated
injective cogenerator. We say that C is strongly equialent to D if M C is
D C D D C Ž .equivalent to M via f : M  M , g : M  M , f C is an ingenera-
D Ž . Ctor in M , and g D is an ingenerator in M . If both coalgebras have
finite-dimensional coradical, then strongly equivalent is the same as equiv-
Ž  .alent see 11, p. 322 . Here is the theorem characterizing strong equiva-
 lences 11, Theorem 5 :
THEOREM 2.2. Let C and D be coalgebras.
Ž . C D C D Da If M is strongly equialent to M ia f : M  M and g : M
 M C, then M is equialent to M iaC* D*
F  	 P   : M M ,Ž . D* C* C* C* D*
G  	 Q   : M M ,Ž . C* D* D* D* C*
Ž . Ž .where P	 g D and Q	 f C . Moreoer, f and g are naturally isomorphic
to F and G, respectiely.
Ž .b If M is equialent to M ia functors F: M M , G: MC* D* C* D* D*
Ž C . D Ž D. C C M such that F M 
 M and G M 
 M , then M is stronglyC*
equialent to M D.
Ž  .Azumaya Coalgebras see 22
Ž .A coalgebra map f : D E is said to be cocentral if Ý f d  d 	Žd . 1 2
Ž .Ý f d  d for all dD. For a coalgebra D, there exists a cocommu-Žd . 2 1
Ž . dtative coalgebra Z D with a surjective, cocentral coalgebra map 1 : D
Ž .Z D which satisfies the following universal property: for any cocentral
Ž .coalgebra map f : D E there is a unique coalgebra map g : Z D  E
d Ž Ž . d . Ž .such that f	 g1 . Z D , 1 is called the cocenter of D. In fact, Z D is
Ž . e co pedefined as e D where D 	DD .D
Let C be a cocommutative coalgebra. A C-coalgebra D is a coalgebra
with a cocentral coalgebra map  : D C, called the C-counit. A coalge-D
bra map f : D E is a C-coalgebra map if  f	  . A C-coalgebra D isE D
Ž .said to be cocentral if Z D  C, and D is said to be C-coseparable if
there is a D-bicomodule map 	 : D DD such that 		 1 . AnC D
Azumaya C-coalgebra is defined to be a C-cocentral and C-coseparable
Ž .coalgebra. If P is an injective quasi-finite cogenerator then e P is anC
Azumaya coalgebra. When C is finite-dimensional, D is an Azumaya
C-coalgebra if and only if D* is an Azumaya C*-algebra. If C is irre-
ducible and D is an Azumaya coalgebra, then D is also irreducible, D
CUADRA ET AL.648
is finitely cogenerated free as C-comodule, and D* is an Azumaya
C*-algebra.
3. EQUIVALENCES OF HEREDITARY PRETORSION
CLASSES AND APPLICATIONS TO COMODULES
Let us point out a few very basic facts relating to linear topologies, with
an eye to applications via Morita equivalences.
PROPOSITION 3.1. Let R be a commutatie ring and let A be an R-algebra.
Ž .i If T is a linear topology on R, the family
 4TA	 J A : IA
 J for some I TA
is a left linear symmetric topology on A.
Ž .ii If F is a left linear symmetric topology on A, the family
 4F R	 J R : I R
 J for some two-sided ideal I F
is a linear topology on R.
COROLLARY 3.2. Let R be a commutatie ring and let A be an Azumaya
algebra oer R. If T is a linear topology on R, and F is a left linear symmetric
topology on A, then
T	 TA  R and F	 F R A.Ž . Ž .
Hence there is a bijectie correspondence between linear topologies oer R and
left linear symmetric topologies on A.
In fact for an Azumaya algebra every Gabriel topology is a symmetric
Ž  topology and hence is induced by a central one cf. 24 for more results on
.localization of PI rings and in particular of Azumaya algebras . Note that
Ž .even for FBN rings fully left bounded Noetherian rings every Gabriel
topology is symmetric.
Let R be a commutative ring and let A, B be two R-algebras. For
Ž .M, N M , Hom M, N is an R-module. An R-equialence or an equi-A A
alence oer R, F: M M , is an equivalence such that the inducedA B
Ž . Ž Ž . Ž ..isomorphism Hom M, N Hom F M , F N is R-linear. If F: MA B A
Ž . M is an equivalence, then by the Morita theorems, there is a B, A -B
bimodule P such that F is naturally isomorphic to P  . Then, F is anA
R-equivalence if and only if P is centralized by R, that is, rp	 pr for all
Ž  .r R, p P see 4, p. 57 .
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THEOREM 3.3. Let R be a commutatie ring, let T be a linear topology on
R, and let A, B be two R-algebras. Consider C and C as the hereditaryA B
pretorsion classes associated to the induced topologies TA, TB on A and B,
respectiely. If A and B are Morita equialent oer R, then there is an
equialence from C to C .A B
Proof. Let F: M M and G: M M be the inverse R-equiv-A B B A
Ž .alences. By Morita theorems and the above remark, there is a B, A -
Ž .bimodule P and an A, B -bimodule Q, both centralized by R, such that
F   P   and G   Q   .Ž . Ž .B A A A B B
Ž . Ž .We are going to prove that F C 
C and G C 
C . Let MCA B B A A
Ž . Ž .arbitrary. To prove that F M C , we have to show that Ann x  TBB B
Ž . Ž .for all x F M . Let x F M ; then there is p  P, m M such thati i
n Ž .x	Ý p m . Since MC , Ann m  TA for all i	 1, . . . , n.i	1 i i A A i
n Ž .Then  Ann m  TA. By definition of TA, there is an ideal I of Ri	1 A i
n Ž .such that I T and IA
 Ann m . We check that the ideali	1 A i
Ž .IB TB verifies IB
 Ann x . Let y IB; then there is y  I, b  BB j j
such that y	Ým y b . The ys are in the center of B since B is anj	1 j j j
n Ž .R-algebra, and they annihilate all the m because I
 Ann m .i i	1 A i
Then,
y  x	 Ým y b Ýn p m 	Ým Ýn b y p mŽ .Ž .j	1 j j i	1 i i j	1 i	1 j j i i
	Ým Ýn b p y m 	Ým Ýn b p  y mj	1 i	1 j i j i j	1 i	1 j i j i
	 0,
where we have used in the third equality that P is centralized by R. Hence
Ž . Ž . Ž .IB
 Ann x , and so Ann x  TB. This proves that F C 
C . TheB B A B
Ž .inclusion G C 
C is proved by a symmetric argument. We finallyB A
conclude that C and C are equivalent.A B
We apply this theorem to the study of equivalences between categories
of comodules. Let D be a coalgebra. From now on, F denotes the linearD
topology consisting of all closed cofinite left ideals of D*.
PROPOSITION 3.4. For a coalgebra D, F is a symmetric linear topology.D
Proof. Let I F , and let W be a finite-dimensional subspace of DD
such that I	W  . Denote by E the subcoalgebra generated by W. The
fundamental theorem of coalgebras yields that E is finite-dimensional.
The space J	 E is a two-sided ideal verifying J
 I and J F .D
LEMMA 3.5. Let C be a cocommutatie irreducible coalgebra and let A be
an Azumaya C-coalgebra. Then, F 	 F  C*.C A
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Proof. Let  : A C be the C-counit of A. Then *: C* A* makes
A* into a C*-algebra. Let J F  C*; then there is a two-sided ideal IA
of A* such that I C*
 J and I F . Hence we may find a finite-di-A
mensional subspace V of A such that I	 V  Ž A*.. Let J
 be an ideal of
Ž . Ž . ŽC*.C* such that * J
 	 I C*. It is easy to prove that J
	  V .
Ž . V is finite-dimensional, and so J
 is closed and cofinite. It follows that
J is a closed cofinite ideal of C*.
Conversely, let J F , then there is a finite-dimensional subspace V ofC
C such that J	 V  ŽC*., where J is a two-sided ideal of C* because C* is
 commutative. In view of 20, Proposition 1.4.3 , V is a subcoalgebra of C.
Since C is irreducible and A is an Azumaya C-coalgebra, A is finitely
cogenerated free as C-comodule, and A* is an Azumaya C*-algebra 22,
Ž . Ž .Proposition 4.10, 2 , 4 . There is a finite-dimensional vector space W
such that AW C as right C-comodules. Let h: AW C be this
Ž . risomorphism. Given a A, we can write h a 	Ý w  c for w W,j	1 j j j
c  C. Then,j
r
w  c  c 	 h a   a . Ž . Ž . Ž .Ý Ý Ýj jŽ1. jŽ2. Ž1. Ž2.
j	1 Ž . Ž .c aj
Now we verify
Ž .  A* ŽC*. 1h* W * V 	 h* W V 	 h W V 
 A** J .Ž . Ž . Ž . Ž .Ž .
The first two equalities may be checked by using some easy linear
Ž  . Ž  ŽC*..algebra see 10, Lemma 1.2 . Let  h* W * V ; then there is
 ŽC*. Ž . n W * V such that 	 h*  . We put 	Ý w   fori	1 i i
wW * and   V  ŽC*. for all i	 1, . . . , n. Then,i i
n r
² : ² : ² : ² :² : , a 	 h*  , a 	  , h a 	 w , w  , c .Ž . Ž . Ý Ý i j i j
i	1 j	1
 Ž  .Set now a 	 h* w   for i	 1, . . . , n.i i C
² n  :Ý a *  , aŽ .i	1 i i
n ²  :² :	Ý Ý h* w   , a *  , aŽ . Ž .i	1 Ža. i C Ž1. i Ž2.
n ²  :² :	Ý Ý w   , h a  ,  aŽ . Ž .i	1 Ža. i C Ž1. i Ž2.
n r ²  :² :	Ý Ý Ý w   , w  c  , c by Ž ..i	1 j	1 Žc . i C j jŽ1. i jŽ2.j
n r ²  :² :² :	Ý Ý Ý w , w  , c  , c .i	1 j	1 Žc . i j C jŽ1. i jŽ2.j
n r ²  :² :	Ý Ý w , w  , ci	1 j	1 i j i j
² :	  , a .
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n  Ž . Ž  ŽC*.. Ž  ŽC*..Hence, 	 Ý a *   A** V . Thus h* W * V 
i	1 i i
Ž .A** V .
1Ž .The space h W V is a finite-dimensional coideal of A; hence
Ž .A** J is a closed cofinite two-sided ideal in A*. Since A* is an Azumaya
Ž Ž . .C*-algebra, J	 * J A*  C*, and thus J F  C*.A
Let C be a cocommutative coalgebra and let D, E be Azumaya
C-coalgebras. As a consequence of Lemma 3.5 and Theorem 3.3, we will
obtain that D* and E* are Morita equivalent over C* if and only if D and
E are MoritaTakeuchi equivalent over C. We recall the notion of
MoritaTakeuchi equivalence over C. Suppose D, E are arbitrary C-
Ž .coalgebras with C-counits  and  , respectively. A D, E -bicomoduleD E
M is said a bicomodule oer C if the diagram
 1E E M M E M C

D
 1D  DM CM M C
Ž .is commutative, where  is the twist map. By Theorem 2.1 a , any equiva-
D E Ž .lence F: M  M is of the form  P for a suitable D, E -bicomod-D
ule P. We say that F is an equialence oer C if P is a bicomodule over C.
Then D, E are called MoritaTakeuchi equialent oer C.
LEMMA 3.6. Let C be a cocommutatie coalgebra, let D, E be two
Ž . Ž .C-coalgebras, and let M be a D, E -bicomodule. M is a E, D -bicomodule
Ž .oer C if and only if M* is a D*, E* -bimodule centralized by C*.
Proof. Let  : D C and  : E C be the C-counits of D and E,D E
respectively. D* and E* are C*-algebras through  and  , respectively.D E
Ž .M* is a D*, E* -bimodule via the maps,
² : ² :² :d*  m*, m 	 d*, m m*, m ,Ý Ž1. Ž0.
Ž .m
² : ² :² :m*  e*, m 	 m*, m e*, m ,Ý Ž0. Ž1.
Ž .m
for all mM, d*D*, e* E*, and m*M*. Using that M is a
²  Ž . : ²bicomodule over C, it is routine to check that  c*  m*, m 	 m* E
 Ž . : c* , m for all mM, m*M*, and c* C*.D
 Ž .Conversely, suppose now that M* is centralized by C*; then  c*  m*E
 Ž .	m*   c* for all c* C*, m*M*. This means that for any mM,D
² :² : ² :² :c*,  m m*, m 	 c*,  m m*, m .Ž . Ž .Ý ÝE Ž1. Ž0. D Ž1. Ž0.
Ž . Ž .m m
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Ž .We may view M C as embedded in M* C* * via the map : M C
Ž . ² Ž . : ² :² : M* C* * defined as  m c , m* c* 	 m*, m c*, c for
m*M*, c* C*. Then it is easy to check that M is a bicomodule
over C.
THEOREM 3.7. Let C be a cocommutatie irreducible coalgebra and let D,
E be Azumaya C-coalgebras. D* and E* are Morita equialent oer C* if and
only if D and E are MoritaTakeuchi equialent oer C.
Proof. Since C is irreducible, D* and E* are Azumaya algebras over
Ž  Ž ..C* cf. 22, Proposition 4.10 4 . Let F , F , F be the topology of allC D E
closed cofinite left ideals of C*, D*, and E*, respectively. Proposition 3.4
implies that these are symmetric topologies. The hereditary pretorsion
classes associated to F and F are M D and M E, respectively. By LemmaD E
Ž3.5, F 	 F  C*	 F  C*. Using Corollary 3.2, F D*	 F C D E C D
. Ž .C* D*	 F , and F E*	 F  C* E*	 F . Hence, the hereditary pre-D C E E
torsion classes associated to F D* and F E* are M D and M E, respec-C C
tively. Suppose that M and M are Morita equivalent over C* via theD* E*
functors
F
M  M .D* E*
G
Ž . Ž .By the Morita theorem, there is an E*, D* -bimodule P and a D*, E* -
bimodule Q, both centralized by C*, such that
F   P  , G  Q  .Ž . Ž .D* E*
Theorem 3.3 states that M D and M E are equivalent via the functors
F
	 F  D and G
	G  E. Since C is irreducible and D, E are Azu-M M
Ž maya C-coalgebras, the coradicals D , E are finite-dimensional cf. 22,0 0
Ž ..  Proposition 4.10, 1 . In view of 11, p. 322 , F
 and G
 are strong
Ž . Ž .equivalences. It follows from Theorem 2.1 a that F
   M for aD
Ž .suitable D, E -bicomodule M. In view of Theorem 2.2, the functors
M*  and P  are naturally isomorphic. Hence M* and P areD* D*
Ž .isomorphic as E*, D* -bimodules. Since P is centralized by C*, M* is
centralized by C*. Lemma 3.6 yields that M is centralized by C, and thus
F
: M D M E is an equivalence over C.
Conversely, if D and E are MoritaTakeuchi equivalent over C, then
Ž . D* and E* are Morita equivalent Theorem 2.2 . The proof of 22,
Proposition 4.10 may be used to show that this equivalence is over C*.
As another application of Theorem 3.3 it is possible to obtain equiva-
lences between categories of comodules over the finite dual of algebras.
Let A be a k-algebra; the finite dual
A0	 f A* : Ker f contains a cofinite ideal , 4Ž .
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 is a coalgebra 20, Proposition 6.0.2 . The category of right comodules over
0 A0 ŽA , M is isomorphic to the category of locally finite left A-modules see
 .1, p. 125 . We say that a left A-module M is locally finite if A  m is
Ž .finite-dimensional for all mM; equivalently Ann m is cofinite for allA
mM. The left linear topology on A associated to the hereditary pretor-
sion class M A
0
is the family of all cofinite left ideals of A. In the sequel,
this topology is denoted by T .A
PROPOSITION 3.8. For a k-algebra A, T is a symmetric linear topology.A
Proof. Given I T , there is an A-module M and mM such thatA
Ž . Ž . Ž .I	 Ann m take M	 AI and m	 1 I . It is clear that Ann AmA A
Ž .is a two-sided ideal and Ann Am 
 I. We check that it belongs to T .A A
 4Let  be a basis of I, and we extend it to a basis of A. We have onlyj j J
 4 Ž .to add a finite number of elements a , . . . , a . We claim that Ann Am1 n A
n Ž .	 I : a .i	1 i
Ž . Ž . Ž .Let y Ann Am ; then 0	 y a m 	 ya m for all i	 1, . . . , n.A i i
n Ž . n Ž .Hence, y I : a . Conversely, let x I : a , and a A. Wei	1 i i	1 i
Ž . l  nsee that x am 	 0. We may write a	Ý   Ý  a with  ,i	1 i r j	1 j j ii
  k. Then,j
l n
x am 	  x  m   xa m	 0.Ž . Ž . Ž .Ý Ýi r j ji
i	1 j	1
nŽ . Ž . Ž .Since I T , I : a  T , and thus Ann Am 	 I : a  T .A i A A i	1 i A
LEMMA 3.9. Let R be a commutatie k-algebra and let A be an Azumaya
R-algebra. Then, T 	 T  R.R A
Proof. Let J T  R; then there is a two-sided ideal I of A suchA
that I R
 J and I T . The canonical map RI R AI is injec-A
tive, so that I R is cofinite in R. It follows that J T .R
Conversely, let I T ; we check that IA T . A is a left Ae-module,R A
e o p  where A 	 A A . Since A is Azumaya over R, by 16, Lemma 2.13 ,R
the functor A  establishes an equivalence between M and e M.R R A
Ž .Since RI is finite-dimensional, A RI is finite-dimensional. But,R
Ž . Ž .A RI  AIA, and so IA T . Now, I	 IA  R, and then IR A
T  R.A
THEOREM 3.10. Let R be a commutatie k-algebra and let A, B be
Azumaya R-algebras. If A and B are Morita equialent oer R then A0 and B0
are MoritaTakeuchi equialent.
Proof. Let T , T , and T be the topologies of all cofinite left ideals ofR A B
R, A and B, respectively. By Proposition 3.8, T and T are symmetricA B
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topologies. Lemma 3.9 yields that T 	 T  R and T 	 T  R, and byR A R B
Corollary 3.2,
T A	 T  R A	 T and T B	 T  R B	 T .Ž . Ž .R A A R B B
Taking into account this fact, the hereditary pretorsion classes associated
to T A and T B are M A
0
and M B
0
, respectively. Theorem 3.3 implies thatR R0 0A BM and M are MoritaTakeuchi equivalent.
4. THE BRAUER GROUP OF IRREDUCIBLE
COALGEBRAS
Ž .Let C be a cocommutative coalgebra and let B C be the set of
isomorphism classes of Azumaya coalgebras over C. The Brauer group of
Ž .  C, denoted by Br C , was constructed in 22 by taking an equivalence
Ž . Ž .relation in B C . If D, E B C , then E is equivalent to D, denoted by
ED, if there exist two quasi-finite injective cogenerators P, Q M C
such that
D e P  E e QŽ . Ž .C C C C
as C-coalgebras. Indeed, E  D if and only if D and E are
MoritaTakeuchi equivalent over C.
Ž . Ž .The quotient set Br C 	 B C  is an abelian group with multiplica-
        tion D E 	 D E , identity element C , and the inverse of E isC
 co p  Ž .E . The group Br C is called the Brauer group of the cocommutatie
coalgebra C. A map of cocommutative coalgebras : C
 C induces a
Ž . Ž . Ž .group homomorphism : Br C  Br C
 defined as  E 	
    Ž .E C
 for all E  Br C . If C is of finite dimension, the BrauerC
group of C is isomorphic to the Brauer group of the commutative algebra
Ž . Ž . Ž .    C*, via the map  *: Br C  Br C* , D  D* . Every cocommuta-
tive coalgebra C may be expressed as C	 C where each C is ani I i i
irreducible subcoalgebra of C. If D is an Azumaya coalgebra over C, D
can be decomposed as D	 D , where D verifies D D C .i I i i i C i
Ž . Ž .Each D is an Azumaya C -coalgebra, and the map Br C Ł Br C ,i i i I i
   D Ł D is a group isomorphism. As a consequence of this prod-i I i
uct decomposition for the Brauer group we have the following two facts:
Ž . Ž .1 In general Br C is not torsion. Let  be the rational number
field and let C be the group like coalgebra C	 . It has beenn
Ž . Ž . Ž  .observed that Br C Ł Br  is not a torsion group cf. 22 .n
Ž .2 To compute the Brauer group of a cocommutative coalgebra it is
enough to compute the Brauer group of irreducible coalgebras. If C is
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Ž . Ž . Ž .    irreducible, then the map  *: Br C  Br C* , D  D* is a group
homomorphism.
 Several questions arose in 22 .
C1. Is the Brauer group of an irreducible cocommutative coalgebra
a torsion group?
Ž . Ž . Ž .C2. Is the map  *: Br C  Br C* injective for any cocommuta-
tive irreducible coalgebra C? When is it an isomorphism?
Theorem 3.7 allows us to solve in a positive way both questions, and,
Ž .moreover, we may obtain examples where the map  * is an isomor-
phism.
COROLLARY 4.1. For a cocommutatie irreducible coalgebra, the map
Ž . Ž . Ž . *: Br C  Br C* is injectie.
    Ž .     Ž .Proof. Let D , E  Br C such that D* 	 E*  Br C* . Since
Ž .the equivalence relation in Br C* is nothing but the Morita equivalence
Ž  .relation over C* see 16, Example 2.19 , we have that D* and E* are
Azumaya algebras Morita equivalent over C*. From Theorem 3.7 we
retain that D and E are MoritaTakeuchi equivalent over C. But the
Ž .equivalence relation in Br C is just MoritaTakeuchi equivalence relation
Ž .     Ž .over C 22, Proposition 4.4 , so that D 	 E  Br C .
 By 16, Theorem 12.9 , the Brauer group of a commutative ring is always
a torsion group. As a consequence of the above corollary we obtain:
COROLLARY 4.2. The Brauer group of a cocommutatie irreducible co-
algebra is a torsion group.
As another application of Corollary 4.1 we make precise some proper-
Ž . Ž .ties of the map i: Br C  Br C , induced by the inclusion of the0
coradical C in C. Before this we need the following lemmas on lifting of0
idempotents.
LEMMA 4.3. Let R be a commutatie local ring with maximal ideal J, let A
be an Azumaya R-algebra, and suppose that idempotents can be lifted from
Ž . Ž .AJA to A. If A RJM RJ , then AM R .R n m
 Proof. This is 9, Lemma 1 .
LEMMA 4.4. Let E be a coalgebra and let D be a subcoalgebra such that
E 
D. If e* is an idempotent in E*D , then there is an idempotent0
e* E* such that e maps to e* ia the canonical projection.
 Proof. This is 17, Proposition 2.2.2 .
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THEOREM 4.5. Let C be a cocommutatie irreducible coalgebra with
Ž . Ž .coradical C . The homomorphism i: Br C  Br C , induced by the0 0
inclusion i: C  C, is injectie.0
Proof. It is known that J	 C ŽC*. is the Jacobson radical of C*. Since0
C is irreducible, C* is a local algebra. The map p	 i*: C* C C*J0
is the canonical projection. We have a commutative diagram,
i Ž . Ž .Br C Br C0
 
Ž . Ž . *  *
p Ž . Ž .Br C* Br C0
Ž .1
where p is induced by the canonical projection p. We show that the
Ž .   Ž .composition p  * is injective. Let A  Br C be such that
Ž Ž . .Ž .    Ž  .  Ž  .p  * A 	 C in Br C . Then, A* C M C for some0 0 C* 0 n 0
Ž n note that C is a field extension of k since C* is commutative0
.  local . In view of 22, Proposition 4.10, Corollary 3.17 , the coradical of A,
A , is isomorphic to A C , and it is finite-dimensional. Then, the0 C 0
Jacobson radical of A* is A Ž A*., and0
A*A Ž A*. A A C * A* CM C .Ž . Ž .0 0 C 0 C* 0 n 0
Proposition 4.4 implies that idempotents can be lifted from A*A Ž A*. to0
Ž .     Ž .A. Proposition 4.3 yields A*M C* , that is, A* 	 C* in Br C* . Byn
Ž . Ž .     Ž .the injectivity of  * Corollary 4.1 A 	 C in Br C . Finally, from the
Ž .commutativity of 1 , it follows that i is injective.
Ž . Ž .We present some cases where the map i: Br C  Br C is surjec-0
tive, and, hence, is an isomorphism. First, recall the notion of separable
coradical and coreflexive coalgebra. Let C be a cocommutative coalgebra;
Ž .C is said to be separable resp. purely inseparable if the dual of each0
Ž .simple subcoalgebra is a separable resp. purely inseparable extension of
k. The coalgebra C is coreflexive if the canonical embedding  : C C*0C
is surjective.
COROLLARY 4.6. Let C be a cocommutatie irreducible coalgebra with
coradical C . In any of the cases0
Ž .i C separable;0
Ž .ii C connected, i.e., C  k; or0
Ž .iii C coreflexie
Ž . Ž .the homomorphism i: Br C  Br C is an isomorphism.0
Ž . ŽProof. i By MalcevWedderburn decomposition for coalgebras see
 .1, Theorem 2.3.11 , there is a coalgebra map 	 : C C which splits the0
BRAUER GROUP OF IRREDUCIBLE COALGEBRAS 657
inclusion i: C  C. Then 	 i	 1 . Considering the induced homomor-0 C0
phism at the Brauer group level, i		 1 . Hence i is surjective.BrŽC .0
Ž . Ž .ii This is a particular case of i , since if C  k, C is separable.0 0
Ž . Ž .  iii We look at the diagram 1 . By 23, Theorem 3.10 the map
Ž . Ž . Ž . *: Br C  Br C* is an isomorphism. Since C is coreflexive, C* is a
   complete local algebra from 22, Lemma 4.13 . By 3, Theorem 6.5 , the
Ž . Ž . Ž . Ž .map p: Br C*  Br C*J is an isomorphism. Finally,  *: Br C 0
Ž  .  Br C is also an isomorphism by 22, Proposition 4.6 . From the commu-0
Ž . Ž .tativity of the diagram it is deduced that i: Br C  Br C* is an
Žisomorphism. In this case we do not need the separability condition on
.the coradical.
COROLLARY 4.7. Let C be a cocommutatie irreducible coalgebra oer a
Ž . Ž .perfect field. Then, Br C  Br C ia i.0
Proof. Note that for a coalgebra over a perfect field the coradical is
always separable.
COROLLARY 4.8. Let C be a cocommutatie coalgebra. If C is separable,0
Ž . Ž .C is pointed, or C is coreflexie, then Br C  Br C . In particular, for any0
Ž . Ž .cocommutatie coalgebra oer a perfect field Br C  Br C .0
 4Proof. Since C is cocommutative, C	 C , where C is ai I i i i I
  Ž .family of irreducible subcoalgebras of C. From 22, Theorem 4.9 , Br C 
Ž .Ł Br C . If C is separable, C is pointed, or C is coreflexive, then Ci I i 0 i0
Žis separable, C is pointed, or C is coreflexive, respectively for thei i
 . Ž .coreflexive case, see 10, Proposition 3.1.4 . By Corollary 4.6, Br C i
Ž .Br C for all i I. Then,i0
Br C  Br C  Br C  Br  C 	 Br C ,Ž . Ž . Ž . Ž . Ž .Ł Łi i0 i I i0 0
iI iI
since C 	 C .0 i I i0
This result can also be obtained for a nonperfect field if one assumes
that the coradical is purely inseparable.
COROLLARY 4.9. Let C be a cocommutatie coalgebra oer a nonperfect
Ž .field k and suppose that the coradical is purely inseparable. Then Br C 
Ž .Br C .0
Proof. Reasoning as in the proof of the above corollary, it is enough to
prove the result for irreducible coalgebras. Let C be a cocommutative
Ž .irreducible coalgebra and consider its universal connected coalgebra R C .
Ž .If p: C R C denotes the canonical projection, and i , i denote theC RŽC .
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Ž .inclusions of the coradicals C and k into C and R C , respectively, we0
Ž .have the commutative diagram 2 ,
pC0 C k0
 
ii RŽC .C
p  Ž .C R C
Ž .2
p Ž Ž .. Ž .Br R C Br C
 
i iRŽC . C
pC 0 Ž . Ž .Br k Br C0
Ž .3
Ž . Ž .The diagram 2 induces a commutative diagram 3 at the Brauer group
level. Since the extension Ck is purely inseparable, the induced homo-0
Ž  . Ž .  morphism Br C  Br k is surjective by 13, Theorem 6.1 . Then the0
Ž . Ž . Ž .homomorphism p  : Br k  Br C is surjective. By Corollary 4.6 ii ,C  00
Ž Ž .. Ž .the homomorphism i : Br R C  Br k is an isomorphism. FromRŽC .
Ž . Ž . Ž .the commutativity of 3 it follows that i : Br C  Br C is surjective.C 0
In view of Theorem 4.5, this is an isomorphism.
Using the above results, we can obtain some new calculations of the
Brauer groups of certain coalgebras.
EXAMPLES 4.10. 1. The Brauer group of a cocommutative coalgebra
over the real number field  is isomorphic to a direct product of  . Let C2
be a cocommutative coalgebra; it admits a decomposition as a direct sum
  Ž .of irreducible subcoalgebras C	 C . From 22, Theorem 4.9 , Br Ci I i
Ž .Ł Br C . For every irreducible subcoalgebra its coradical is isomor-i I i
Ž . Ž .phic to  or , the complex number field. Using that Br    , Br  is2
Ž .trivial, and using Theorem 4.5, Br C is trivial or isomorphic to  for alli 2
i I.
2. If C is a cocommutative coalgebra over an algebraically closed
Ž .field or a finite field, then Br C is trivial. The proof follows by an
argument as above up to noting that the Brauer group of an algebraically
closed field or of a finite field is trivial.
3. Let V be a vector space and let C be the symmetric algebra over
 V. From 20, Proposition 11.0.11 , it follows that C is connected. Then
Ž . Ž .Theorem 4.5 implies that Br C  Br k .
4. Let L be a Lie algebra and let C be its universal enveloping
Ž . Ž  .algebra U L . C is connected cf. 20, Proposition 11.0.9 . By Theorem 4.5,
Ž . Ž .Br C  Br k .
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 5. k x is a Hopf algebra with the usual multiplication and the maps
nn n i ni x 	Ý x  x  x 	 0 S x 	x.Ž . Ž . Ž .i	1 ž /i
 We can consider the Brauer group of k x as an algebra and as a
aŽ  . cŽ  .coalgebra. Let us denote these groups by Br k x and Br k x , respec-
aŽ  . Ž .tively. It is well known that Br k x  Br k if and only if k is a perfect
  cŽ  . Ž .field. However, k x is a connected coalgebra, so Br k x  Br k always
holds.
Suppose C is a cocommutative irreducible coalgebra with separable
Ž .coradical and consider the commutative diagram 1 . We know by Corol-
Ž . Ž .lary 4.6 that i: Br C  Br C is an isomorphism. In view of the0
MalcevWedderburn theorem for coalgebras, there is a coalgebra map
	 : C C such that 	 i	 1 . The dual maps verify i*	*	 1  . Re-0 C C0 0
member that the canonical projection p	 i*. These maps induce homo-
 Ž  . Ž . Ž .morphisms of Brauer groups 	: Br C  Br C* and p: Br C 0
Ž  .  Br C , verifying p		 1 . Thus, p is surjective. The homomor-0 BrŽC .0
Ž . Ž . Ž .phism  *: Br C  Br C* is injective by Theorem 4.1, and
Ž . Ž . Ž  . *: Br C  Br C is an isomorphism since C is finite-dimensional0 0 0
 22, Proposition 4.6 . Taking into account these facts and the commutativ-
Ž . Ž . Ž .ity of the diagram, we conclude that  *: Br C  Br C* is surjective
Ž . Ž . Ž . Žisomorphism if and only if p: Br C  Br C*J is injective isomor-
.phism .
THEOREM 4.11. Let C be a cocommutatie irreducible coalgebra with
separable coradical C . In any of the cases0
Ž .i C* henselian, or
Ž . Ž . Ž .ii J	Rad C* a nil-ideal in particular, nilpotent ,
Ž . Ž . Ž .the homomorphism  *: Br C  Br C* is an isomorphism. Hence
Ž . Ž . Ž . Ž  .Br C  Br C  Br C*  Br C .0 0
Ž .Proof. If C* is henselian, or J is a nil-ideal, the map p: Br C 
Ž . Ž    Br C*J is injective see 5, Proposition 3.3.2 and 9, Corollary 3 ,
Ž . Ž . Ž .respectively. The above reasoning establishes that  *: Br C  Br C*
is an isomorphism. In fact, with these hypotheses, all the maps appearing
Ž .in 1 are isomorphisms.
 This result is a generalization of 23, Theorem 3.10 , which claims that
Ž . Ž . Ž .the map  *: Br C  Br C* is an isomorphism when C is coreflexive.
 But, if C is coreflexive, by 22, Lemma 4.13 , C* is a complete local algebra
and hence a Henselian ring. However, the only examples of coalgebras
with Henselian dual algebra known until now are coreflexive coalgebras. It
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could be that for the dual algebra of an irreducible coalgebra, Henselian
and complete are equivalent notions.
We can give an intrinsic condition on the coalgebra yielding that the
radical of the dual algebra is nilpotent.
LEMMA 4.12. Let C be a coalgebra. The coradical filtration of C is finite if
Ž .and only if Rad C* is nilpotent.
 4 Ž .Proof. Let C be the coradical filtration of C, and J	Rad C* .n n
Ž n1.It is well known that C 	 J for all n. It follows from thisn
m1property that C 	 C for some m if and only if J 	 0.m
Ž .If the ground field is of characteristic zero, then Rad C* is nilpotent if
Ž  .and only if it is a nil-ideal cf. 18, Proposition 3.4 .
COROLLARY 4.13. Let C be a cocommutatie irreducible coalgebra. If the
Ž . Ž .coradical filtration of C is finite, then the homomorphism  *: Br C 
Ž .Br C* is an isomorphism.
Proof. Combine the above lemma and Theorem 4.11.
EXAMPLES 4.14. Let V be a vector space. For i, V Ž i. denotes the
tensor product of V i times. When i	 0, V Ž0.	 k. For n, consider
the coalgebra C	 k V V Ž2.  V Žn. with comultiplication and
counit given by
 1 	 1 1Ž .
 1 	 1Ž .
    	 1   Ž . Ž .1 i 1 i
i1Ý       Ž . Ž .j	1 1 j j1 i
     1Ž .1 i
    	 0 for n 1.Ž .1 i
This coalgebra is connected with unique simple subcoalgebra k, and the
Ž .coradical filtration has length n. The foregoing result yields that Br C 
Ž . Ž . Ž .Br C* , and by Theorem 4.11, Br C  Br k .
If the ground field is of characteristic zero, and V is infinite-dimen-
Ž  .sional, then C is not coreflexive cf. 10, Theorem 4.2.6 . So we have found
Ž . Ž .an example of a noncoreflexive coalgebra C verifying  *: Br C 
Ž .Br C* is an isomorphism.
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5. SCHUR SUBGROUPS OF THE BRAUER GROUP
Ž .Let C be a cocommutative coalgebra. The Schur subgroups of Br C
 were introduced in 6 . In this section we study these subgroups in the case
where the coalgebra C is irreducible. Let us give a brief idea concerning
the construction of these subgroups.
Ž .Let G be a finite group and look at the Hopf algebra H	 kG *.
Ž .Suppose that kG * coacts trivially on C, i.e., c c 1 . Let  : CŽkG .*
Ž . Ž .kG * kG * be a invertible convolution normalized 2-cocycle. The
Ž . Ž crossed coproduct C kG * is called a twisted group coalgebra see 6,
.7 . Let H be a class of finite groups closed under finite products and
opposites. We say that a C-coalgebra A is a projectie Schur C-coalgebra
relatie to H if A is C-Azumaya and there exists a twisted group coalgebra
Ž .C kG * with G H and an injective C-coalgebra map i: A C 
Ž . Ž .kG *. The subset of Br C consisting of classes which contain a projective
Schur C-coalgebra is a subgroup, called the H-projectie Schur subgroup of
Ž . H Ž .Br C and denoted by PS C . If we impose that  is trivial in the
definition of twisted group coalgebra, the notion of Schur coalgebra relatie
H Ž .to H and H-Schur subgroup appears. The latter is denoted by S C .
Let f : C
 C be a map of cocommutative coalgebras. The restriction
Ž . Ž .     H Ž .of the map f: Br C  Br C
 , D  D C
 to PS C has itsC
H Ž . H Ž .image in PS C
 . Thus, we have a homomorphism from PS C to
H Ž . H Ž .PS C
 . The same follows for S C .
PROPOSITION 5.1. For an irreducible cocommutatie coalgebra C, the
H Ž . H Ž .homomorphism i: PS C  PS C is injectie. Moreoer, if C is0 0
separable, then i is surjectie and, hence, is an isomorphism.
Proof. The injectivity follows from Theorem 4.5, and the surjectivity is
Ž .obtained as in Corollary 4.6 i .
Let C be a cocommutative irreducible coalgebra. The homomorphism
Ž . Ž . Ž .     *: Br C  Br C* , D  D* defines a homomorphism
Ž . H Ž . H Ž . Ž  . *: PS C  PS C* by restriction see 6, Proposition 4.12 . From
Theorem 4.1, we obtain:
PROPOSITION 5.2. For an irreducible cocommutatie coalgebra C, the
Ž . H Ž . H Ž .homomorphism  *: PS C  PS C* is injectie.
Remark. Both results follow for the H-Schur subgroup.
H Ž . Ž H Ž ..These results allow us to deduce properties of PS C resp. S C ,
H Ž . H Ž . Ž H Ž .taking into account properties of PS C* and PS C resp. S C* and0
H Ž .. H Ž . H Ž .S C . If H is the class of all finite groups, PS C and S C are simply0
Ž . Ž .denoted by PS C and S C , respectively.
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COROLLARY 5.3. Let C be a cocommutatie coalgebra oer a field k.
Ž . Ž .i If k has positie characteristic, then S C is triial.
Ž . Ž . Ž .ii If C is irreducible and k is a number field, then PS C 	 Br C .
Ž .  4Proof. i Write C	 C where C is a family of irreduciblei I i i i I
  Ž . Ž .subcoalgebras of C. By 6, Corollary 4.8 , S C embds in Ł S C . Theni I i
Ž .it is enough to check that S C is trivial for any irreducible coalgebra C. If
Ž . Ž .C is irreducible, S C embeds in S C by Proposition 5.1. Since C is0 0
Ž . Ž  .   finite-dimensional, S C  S C by 6, Proposition 4.6 . C has positive0 0 0
  Ž  .characteristic, and from 8, Proposition 1 , S C is trivial. It follows that0
Ž .S C is trivial.
Ž .ii Since C is irreducible, C* is a local algebra with maximal ideal
J	 C . Then, C C*J is a field extension of k; hence C is a0 0 0
  Ž  . Ž  .number field. From 15, Theorem 4.6 , PS C 	 Br C . The homomor-0 0
Ž . Ž . Ž  .  phism  *: Br C  Br C is an isomorphism 22, Proposition 4.6 ,0 0
Ž . Ž .and its restriction to PS C establishes an isomorphism from PS C to0 0
Ž  . Ž . Ž .   Ž .  PS C . Hence PS C 	 Br C . Let A  Br C ; then A C 0 0 0 C 0
Ž . Ž . Ž . Ž .Br C 	 PS C . By Proposition 5.1, i  : PS C  PS C is sur-0 0 PSŽC . 0
Ž .   Ž .jective over a number field C is separable . Let D  PS C such that0
       D C 	 A C . Since i is injective, Theorem 4.5, A 	 D C 0 C 0
Ž .PS C .
Ž . Ž .The equality PS C 	 Br C does not always hold for an irreducible
coalgebra C. Let C be a connected coalgebra over k. Suppose that k is the
  Ž . Ž .rational function field over  . By 2, Example 3.8 , PS k  Br k .2
Ž . Ž . Ž .Argumentation as in ii yields that PS C  Br C .
Ž . H Ž .To finish this paper, we study some cases where the map  *: PS C
H Ž . PS C* is an isomorphism, for an irreducible coalgebra C.
COROLLARY 5.4. Let C be a cocommutatie irreducible coalgebra with
separable coradical C . In either of the cases0
Ž .i C* henselian, or
Ž . Ž .ii Rad C* a nil-ideal,
Ž . H Ž . H Ž .the homomorphism  *: PS C  PS C* is an isomorphism. More-
H Ž . H Ž . H Ž  . H Ž .oer, PS C  PS C  PS C  PS C . The same is true for the0 0
Schur subgroup.
Ž .Proof. The argument before Theorem 4.11 about diagram 1 is valid
for the projective Schur subgroup, as can be seen from its functorial
behavior.
COROLLARY 5.5. Let C be a cocommutatie irreducible coalgebra. If the
Ž . H Ž . H Ž .coradical filtration of C is finite, then  *: PS C  PS C* is an
isomorphism. Similarly for the H-Schur subgroup.
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Proof. Follows from the above corollary and Lemma 4.12.
EXAMPLES 5.6. 1. Let C be the BirkoffWitt coalgebra, the symmet-
ric algebra, or the universal enveloping algebra of a Lie algebra. C is
H Ž . H Ž . H Ž . H Ž .connected. From Corollary 5.1, PS C  PS k and S C  S k .
2. Let C be the coalgebra of Example 4.14. By the above corollary,
H Ž . H Ž . H Ž . H Ž . H Ž . H Ž .PS C  PS C*  PS k and S C  S C*  S k .
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